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Abstract
The theories of gravity which violate local Lorentz invariance do not admit a universal maximum
speed of signal-propagation. Different field excitations see a different effective metric and hence a
different light cone. In these theories, although one can define the Killing horizon in a conventional
way, this definition does not capture the notion of a black hole. This is so because there exist
modes which see a wider light cone than the one defined by the Killing Horizon and therefore can
escape to infinity. However, there exist solutions of these theories which admit a special spacelike
hypersurface which acts as a one-way membrane. Signals from beyond this hypersurface can never
escape to infinity and are destined to hit the singularity. In this sense this hypersurface acts like
a black-hole horizon and is called the Universal Horizon because it traps modes travelling with
arbitrarily high velocities. We use the Noether charge method a` la Wald to show that a first law,
which resembles the first law of thermodynamics, can be formulated for universal horizons in the
Einstein-Æther theory. This seems to suggest that in Lorentz violating theories one should ascribe
the thermodynamical properties to the universal horizon and not to the Killing horizon.
∗ arif.mohd@sissa.it
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I. INTRODUCTION
Invariance under Lorentz transformations is a fundamental symmetry of the quantum
field theories describing the elementary-particle interactions in nature. There are very strict
observational and experimental constraints on the violation of Lorentz invariance [1, 2].
However, it still leaves open the possibility that the Lorentz symmetry is fundamental but
the vacuum does not respect it. In other words, some field(s) of the underlying Lorentz
invariant theory could acquire vacuum expectation value(s) and thus the Lorentz symmetry
would be spontaneously broken [3]. Such a scenario is specially attractive when gravity is
included because it opens the door to the renormalizability of perturbative quantum gravity,
at least at the level of power counting [4].
Einstein-Æther theory is a diffeomorphism invariant theory of gravity which violates the
local Lorentz invariance by introducing a dynamical vector field ua which is constrained to
be unit-timelike everywhere [5]. This vector field is called the æther. The theory respects
general covariance because the æther is dynamical. The theory violates the local Lorentz
invariance because the æther introduces a preferred frame (albeit dynamically determined)
by virtue of the constraint that it is unit-timelike everywhere. It is an effective field theory
which views the æther as representing some kind of a condensate that spontaneously breaks
the local Lorentz invariance. The observational constraints on the Einstein-Æther theory
are discussed in ref. [6].
The appearance of a preferred frame has interesting consequences. Now it is allowed
for the matter to couple with the æther which leads to the modified dispersion relation.
This in turn leads to the superluminal propagation of particles. One can then do the
gedanken experiments and create the perpetual-motion machines operating either quantum
mechanically via the Hawking’s process [7] or classically using a Penrose-like process [8, 9]
thus leading to a violation of the Genearlized Second Law (GSL) [10].
Lorentz invariance and causality are of course completely different things [11]. Superlu-
minal propagation does not mean that the theory violates causality. For causality, one needs
a definition of light-cone. In the Lorentz invariant theories it is natural to use the invariant
speed of light (c) to define the light cones. The signals which propagate inside these light
cones are considered to be causal while the others are deemed acausal. In Lorentz violating
theories, like the Einstein-Æther theory, there is no maximal speed that can be used to de-
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fine a universal “light-cone”. However, since one has a preferred frame at disposal one uses
that to impose causality. In particular, the signals which propagate towards the future of
the local hypersurface orthogonal to the æther are declared to be causal. This has a direct
consequence that the notion of a black hole also needs to be modified. In Lorentz invariant
theories the Killing horizon provides a good notion of the event horizon which acts as a
one-way membrane separating the inside and outside of a stationary black hole. If we have
modes propagating with arbitrarily high speed in the theory, the Killing horizon is clearly
no more a useful concept to define the black hole region in spacetime.
Consider, however, the static and spherically symmetric spacetimes in which the æther
is hypersurface orthogonal [12]. At infinity, the æther and the time-translation Killing vec-
tor ξ are aligned. Inside the Killing horizon ξ becomes spacelike. Consider that particular
hypersurface where ξ becomes orthogonal to the æther and hence is tangent to this hyper-
surface normal to the æther (see fig. 1). Any causal signal (i.e., one which propagates in the
future of this hypersurface) necessarily moves towards a decreasing radius and eventually
hits the singularity. This hypersurface acts as a causal boundary which acts like a one-way
membrane. Any signal, moving at arbitrarily high speed, after crossing it can never escape
to infinity. This special hypersurface where the time-translational Killing field becomes or-
thogonal to the æther is called the Universal Horizon. Since it traps the modes of arbitrarily
high velocities, the universal horizon defines a causal boundary and hence the black hole
region in spacetime. A regular universal horizon is seen to exist in the one-parameter family
of static spherically symmetric solutions of the Einstein-Æther theory [12, 13]. Universal
horizons in Horˇava gravity are discussed in ref. [14].
The presence of modified dispersion relations and universal horizons in the Einstein-
Æther theory (and the Hoˇrava gravity) also provides a possibility to evade the arguments
creating the perpetual-motion machines. These arguments involve the finite maximal speed
(different than c) for different particles and the thermodynamics associated to the effective
black-hole geometry that these particles see. If, however, it turns out that due to the
modified dispersion relations there is no universal upper limit on the propagation speed of
particles and that the unambiguous thermodynamics can be ascribed only to the universal
horizons then one might hope to save the GSL. It was shown in ref. [15] that the universal
horizons in static spherically symmetric solutions of the Einstein-Æther theory follow a first-
law kind of relation. The role of entropy is played by a quarter of the area of the horizon.
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FIG. 1. Universal Horizon is the hypersurface where the time translation Killing vector field ξa
becomes orthogonal to the æther ua.
In ref. [16], using the tunnelling method of ref. [17], it was shown that the quantity playing
the role of the temperature in the first law is really the temperature at which the universal
horizon radiates. This already provides a strong hint that in the Lorentz violating theories
the laws of black hole thermodynamics can be ascribed to the universal horizons.
The goal of this paper is to use the Noether charge method of Wald to derive the first-
law of mechanics for the universal horizons in the static, spherically symmetric solutions
of the Einstein-Æther theory. The first law was first proved in ref. [15], using the methods
akin to ref. [18], by manipulating the various projections of the equations of motion of
the theory. On the other hand, we have an elegant geometric Noether-charge method of
Wald to derive the first law for any diffeomorphism-invariant theory of gravity admitting a
regular bifurcation surface. Herein lies the difficulty because in the Einstein-Æther theory
the bifurcation surface is not regular: the æther necessarily diverges there [19]. Indeed, the
Noether-charge method was used in ref. [19] to prove a first law for the Killing horizons in
the Einstein-Æther theory but no thermodynamic interpretation emerged in that study. We
will show that we can nevertheless use the Noether-charge method to prove a first law for the
universal horizons which, according to ref. [16], has a natural thermodynamic interpretation.
This paper is organized as follows: in sec. II we summarize the Wald’s formalism and
we review why it does not apply to the universal horizons in a straight-forward fashion. In
sec. III we construct the Noether charge conjugate to the diffeomorphisms in the Einstein-
Æther theory. In sec. IV we prove the first-law for universal horizons in the static, spherically-
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symmetric solutions. We conclude with a summary and open questions in sec. V. The
consequences of staticity and spherical symmetry are discussed in the appendix and the
equations given there are used repeatedly in sec. IV.
II. WALD’S FORMALISM
In this section we review Wald’s formalism for constructing the Noether charge corre-
sponding to the diffeomorphism invariance of the theory. We will be viewing the integrands
as appropriate tensor densities [20]. In particular, Lagrangian is a scalar density of weight
one [21]. The dynamical fields of the theory are denoted by φi.
A general variation of the Lagrangian density gives
δL = Eiδφi +∇aθa. (1)
The equations of motion are given by Ei = 0. The surface term θ
a is called the symplectic
potential current density. Due to the commutativity of two variations, δ1δ2 = δ2δ1, we have
(δ1δ2 − δ2δ1)L = δ1Eiδ2φi − δ2Eiδ1φi +∇aωa
= 0, (2)
where ωa = δ1θ
a(δ2)− δ2θa(δ1) is the symplectic current density. When the dynamical field
satisfies the equation of motion, i.e., Ei = 0 and the linearized equation of motion is also
satisfied, i.e., δ1Ei = 0 = δ2Ei then the symplectic current density is conserved, ∇aωa = 0.
Integral of ωa over a Cauchy surface Σ is called the symplectic current,
ω =
∫
Σ
dΣa ω
a. (3)
Diffeomorphism invariance of the theory means that the variation of the Lagrangian density
under an infinitesimal diffeomorphism generated by a vector field ξ is given by the Lie
derivative of the Lagrangian density along ξ,
δξL = ∇a(ξaL). (4)
Now associate a Noether-current density Jaξ corresponding to the variation induced by the
diffeomorphism as
Jaξ = θ
a(δξ)− ξaL. (5)
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Then it can be checked that the Noether-current density is conserved on shell,
∇aJaξ = ∇aθa(δξ)−∇a(ξaL)
= δξL+ Eiδξφi −∇a(ξaL)
= Eiδξφ
i
= 0 on-shell. (6)
This implies that there exists an antisymmetric tensor density Qabξ which acts as a potential
for the Noether charge, in the sense that when the dynamical fields satisfy the equations of
motion then
Jaξ = 2∇bQabξ . (7)
The integral of Jaξ over a Cauchy surface defines the corresponding Noether charge,
Qξ =
∫
Σ
dΣa J
a
ξ . (8)
When the equations of motion are satisfied we can replace the integrand by the Noether
potential and use the Stoke’s theorem to get,
Qξ =
∫
∂Σ
dσabQ
ab
ξ . (9)
Now consider an arbitrary variation of Jaξ ,
δJaξ = δθ
a(δξ)− δ(ξaL),
where the variation δ acts only on the dynamical fields of the theory, in particular δξa = 0.
This gives
δJaξ = ω
a(δ, δξ) + 2∇b(θ[aξb]). (10)
If the Hamiltonian corresponding to the evolution by ξ exists on the phase space then by
its very definition
δHξ =
∫
Σ
dΣa ω
a(δ, δξ), (11)
we get,
δHξ =
∫
Σ
dΣa
(
δJaξ − 2∇b(θ[aξb])
)
. (12)
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On shell this expression reduces to a surface term,
δHξ =
∫
∂Σ
dσab
(
δQabξ − θ[aξb]
)
. (13)
If one can find a quantity Ba such that
∫
∂Σ
dσab θ
[aξb] = δ
(∫
∂Σ
dσabB
[aξb]
)
then one can
identify the Hamiltonian generating the motion in the phase space induced by ξ as
Hξ =
∫
∂Σ
dσab
(
Qabξ − B[aξb]
)
. (14)
If ξ is an asymptotic time translation in an asymptotically flat space then the corresponding
Hamiltonian is identified as the canonical energy E of the spacetime. If ξ is an asymptotic
rotation then the corresponding Hamiltonian is identified as the negative of the angular
momentum J of the spacetime.
Now consider a stationary black-hole solution with a bifurcate Killing horizon and the
bifurcation surface SB. Let t
a be the stationary Killing vector field and ϕa be the axial
Killing vector field. Let ξa = ta + Ωϕa be such that it vanishes on the bifurcation surface.
Ω is the angular velocity of the horizon. If all the fields in the theory are Lie dragged by
ξa then eq. (11) implies that δHξ = 0. Now choose Σ to be any spacelike hypersurface that
runs from the asymptotic spatial infinity to the bifurcation surface B (see fig. 2). Then
noting that ξa vanishes on B, eq. (13) implies that
δ
∮
B
dσabQ
ab
ξ = δ
∮
∞
dσab
(
Qabξ − B[aξb]
)
= δ
∮
∞
dσab
(
Qabt − B[atb]
)
+ δ
∮
∞
dσabQ
ab
ϕ , (15)
where the integrals are on the boundary of the slice Σ: one is the bifurcation surface B
and the other is the sphere at the asymptotic infinity. Now recognizing the two terms on
the right hand side as δE and −δJ where E and J are the asymptotically defined Energy
and Angular Momentum, respectively. This almost resembles the first law of black-hole
mechanics. However, the left-hand side is not of the form of κ times the variation of a local,
geometric quantity on B. There is further work required to write it in that form, but for
our purposes we are not going to need it here. Assuming that one can write the left hand
side as κ/2pi times the variation of an integral then the above equation is the first law of
black hole mechanics
δE = κ
2pi
δS + ΩJ , (16)
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FIG. 2. A slice Σ extending from the spacelike infinity io to the bifurcation surface B.
where S is now interpreted as the entropy of the black hole in the theory.
In order for Wald’s procedure to go through it is important that all the fields in the theory
are Lie-dragged by the Killing vector field ξa and that all the fields admit a regular extension
to the bifurcation surface. The later requirement can not be met by the æther field [19].
The reason is that on the bifurcation surface the Lie-drag acts like a radial boost. Thus
the only vectors on the bifurcation surface that can be Lie-dragged are the ones tangent to
the bifurcation surface which are spacelike. Since the æther is constrained to be timelike it
cannot be Lie-dragged. If we impose that it be Lie-dragged then it cannot be regular. This
is the main difficulty in using Wald’s method to prove the first law for the Killing horizons in
the Einstein-Æther theory. But we can still use the Wald’s method to look for a first law for
the universal horizon and this is what we turn to next. We start by deriving an expression
for the Noether charge conjugate to diffeomorphisms in the Einstein-Æther theory.
III. EINSTEIN-ÆTHER THEORY
Action for the Einstein-Æther theory is given by
S =
1
16piGæ
∫
d4x
√−g (R + Læ) , (17)
where the æther-dependent part is
Læ = −Zabcd∇auc∇bud + λ(u2 + 1). (18)
Here λ is a Lagrangian multiplier that enforces the unit timelike normalization of the æther
four-vector ua, and Zabcd describes the coupling of the æther with the metric in terms of the
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coupling constants ci, i = 1, 2, 3, 4, as
Zabcd = c1 g
abgcd + c2 δ
a
c δ
b
d + c3 δ
a
dδ
b
c − c4 uaubgcd. (19)
The weak-field limit [22] can be used to relate constant Gæ occurring in the action and the
Newton’s constant G as
Gæ =
(
1− c14
2
)
G. (20)
Einstein-Æther theory is a viable theory of gravity for a particular range of the coupling
constants which we mention though we are not going to use it. In ref. [23], by linearizing
the theory on a flat background with a constant æther, and demanding that the squared
speeds of the modes be positive, the range of the coupling constants was found to be
0 ≤ c13 < 1,
0 ≤ c14 < 2,
2 + c13 + 3c2 > 0. (21)
Variation of action with respect to the metric gives the equation of motion for the metric,
Gab = T abæ , (22)
where Gab = Rab − 1
2
Rgab is the Einstein tensor and the stress tensor of the æther is given
by
T abæ =
1
2
Læg
ab + c1(∇auc∇buc −∇cua∇cub) (23)
+ c4a
aab + λuaub +∇c
(
Y c(bua) + Y (ab)uc − u(bY a)c) ,
where ab = uc∇cub is the acceleration of the æther and Y ac = Zabcd∇bud. Variation of the
action with respect to ua gives the equation of motion for the æther,
λua + c4a
c∇auc +∇cY ca = 0. (24)
Collecting all the surface terms in the variation of the action gives the symplectic potential
current density,
θc =
1
16piGæ
√−g
[
gca∇b(δgab)− gab∇c(δgab)
− (Y c(bua) + Y (ab)uc − u(bY a)c) δgab
− 2Y caδua
]
. (25)
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FIG. 3. A portion ∆ of the Universal horizon sandwiched between two slices Σ1 and Σ2.
Noether current density corresponding to the infinitesimal diffeomorphism generated by a
vector field ξ can now be calculated. On shell this can be written as
J cξ = 2∇aQcaξ , (26)
where Qcaξ is given by
Qcaξ =
1
16piGæ
√−g
[
−∇[cξa] − ξb
(
Y [ca]ub + u[cY a]b − Y b[cua]) ] (27)
We saw at the end of sec. II that in the Einstein-Ætheory the bifurcation surface is not a
regular surface. So in the next section, we turn to proving the first-law for the universal
horizon.
IV. FIRST LAW FOR STATIC, SPHERICALLY-SYMMETRIC BLACK HOLES
Consider a portion of spacetime M sandwiched between a portion of universal horizon
∆ and two spacelike slices Σ1 and Σ2 (see fig. 3). Since the symplectic structure is a closed
form (by construction), i.e., the divergence ∇aωa vanishes, we have∫
M
∇aωa = 0,
=>
∫
Σ1
dΣa ω
a −
∫
Σ2
dΣa ω
a +
∫
∆
dΣa ω
a = 0. (28)
For general field variations the last integral does not vanish. But ωa(δ, δξ) is identically
zero as ξa is a Killing vector field. Hence there is trivially no leakage of the symplectic
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structure from the universal horizon. Therefore, eq. (11) still makes sense, i.e., it does not
depend upon which slice is used for the integration. Σ is now any slice extending from
the spatial infinity io to the universal horizon and intersecting the universal horizon at a
spacelike cross-section H.
In order to evaluate the variation δQξ and the contribution of θ
[a
ξ ξ
b] to the variation of
Hamiltonian in eq. (13) we need to specify the boundary conditions that the fields and their
variations must obey. The asymptotically flat boundary conditions at spatial infinity were
discussed in refs. [19, 24] which we presently review. In some cartesian chart the following
fall-off conditions are imposed on the fields: gab − ηab ∼ 1/r, ∂gab ∼ 1/r2, ua − ta ∼ 1/r,
∂ua ∼ 1/r2, δua ∼ 1/r. For ξa which is asymptotically time translation ta the value of
Hamiltonian is the energy
E = Ht =
∫
∂Σ
dσab
(
Qabt − B[atb]
)
. (29)
Using eqs. (25) and (27) we get a contribution to E from the Einstein-Hilbert action which
is just the ADM energy and a contribution from the æther, E = EEH + Eæ, where
EEH = 1
16piGæ
∫
d2x ri(∂igjj − ∂jgij), (30a)
Eæ = c14
8piGæ
∫
d2x (∂tu
r + ∂ru
t). (30b)
Next, we discuss the boundary conditions on the universal horizon. We refer the reader
to the appendix for the definition of the quantities appearing in the following equations.
We require that on the universal horizon δua = 0 and δgab = δγab, where γab is the induced
metric on the cross-section of the universal horizon orthogonal to the spatial vector sa, i.e.,
γab = gab + uaub − sasb. In particular, δsa is also equal to zero on the universal horizon. In
effect, we require that a spherically symmetric black hole is perturbed in such a way that
the only change is in the expansion of the two-sphere cross-section of the universal horizon
orthogonal to the Killing vector ξa (and hence sa).
We are now ready to evaluate the Noether charge in eq. (27) on the universal horizon.
Kinematical consequences of spherical symmetry and staticity are used throughout and are
discussed in the appendix. Using for the integration on the cross-sections of the universal
horizon dσab = −2u[asb] d2x, a straight-forward calculation gives
Qξ =
1
8piGæ
∮
d2x
√
γ [κUH(1− c13)− c2‖ξ‖UHKUH ] . (31)
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Now owing to the staticity and spherical symmetry of the solutions, the integrand in the
Noether charge is constant on the whole universal horizon and can be taken out of the
integral. In ref. [15] it was found that asymptotically flat, static, spherically symmetric
black hole solutions of Einstein-Æther theory form a one parameter family. If we further
restrict the phase space to allow only one-parameter family of black-hole solutions, then
dimensional analysis can be used to shift the variations as
√
γ 2δκUH = −δ(√γ)κUH , (32a)
√
γ 2δKUH = −δ(√γ)KUH . (32b)
and we get for the variation of Qξ,
δQξ =
1
16piGæ
[κUH(1− c13)− c2‖ξ‖UHKUH ] δ(
∮
d2x
√
γ). (33)
Next we calculate the
∫
dσabθ
[a
ξ ξ
b] term in eq. (13). There is a contribution to this from the
terms which come solely from the Einstein-Hilbert Lagrangian (the first line in eq. (25)) and
there is a contribution from the æther-dependent terms (the second line in eq. (25)). The
only contribution from the æther-dependent terms is
− 1
16piGæ
∮
d2x
√
γ Y (ab)ucδgabuc‖ξ‖UH = − 1
8piGæ
∮
δ(d2x
√
γ)
(
c13KˆUH + 2c2KUH
)
‖ξ‖UH ,
(34)
while the Einstein-Hilbert terms give
1
16piGæ
∮
d2x
√
γ ‖ξ‖UHua∇bδgab = − 1
16piGæ
∮
δ(d2x
√
γ)‖ξ‖UHKˆUH , (35a)
1
16piGæ
∮
d2x
√
γ ‖ξ‖UHgabuc∇cδgab = 1
16piGæ
∮
d2x
√
γ ‖ξ‖UH 2 δKUH . (35b)
Again, restricting the phase space to consist of only one parameter family of static and spher-
ically symmetric solutions, using eqs. (32) and combining the contributions from eqs. (34)
and (35) we get∮
dσab θ
[aξb] = − 1
16piGæ
∮
δ
(
d2x
√
γ
)
(κUH + c13KUH‖ξ‖UH − c13κUH + 2c2KUH‖ξ‖UH)
(36)
Finally, from eqs. (33) and (36) we get the contribution to δHξ from the universal horizon,
δHξ
∣∣∣
UH
=
1
8piGæ
[
κUH(1− c13) + c123
2
KUH‖ξ‖UH
]
δ(
∮
d2x
√
γ). (37)
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Since the contribution from infinity δHξ
∣∣∣
∞
is identified as the change in energy δE of the
black hole, we have a thermodynamical first-law form for the mechanics of black holes in
Einstein-Æther theory,
δE = TδS, (38)
where in analogy with general relativity, we have called S = A/4 the entropy of the universal
horizon and T =
1
2piGæ
[
κUH(1− c13) + c123
2
KUH‖ξ‖UH
]
the temperature of the universal
horizon. Our expression matches with the one found in ref. [15]. If we further invoke the
result of ref. [16] that what we have called temperature is really the temperature at which
the universal horizon radiates then this is a strong hint at the possibility that the universal
horizons carry entropy too.
V. DISCUSSION
In this paper we derived the first-law for universal horizons in the Einstein-Æther theory
using the Noether charge formalism of Wald. Owing to the divergence of the æther on
the bifurcation surface, the Noether-charge method is not directly applicable for the Killing
horizon in Einstein-Æther theory. However, we saw that for the universal horizons one
can adapt the Noether-charge formalism and obtain a first law. In doing so however, we
restricted the phase space to consist of the asymptotically flat, static, spherically symmetric
solutions of the theory. These solutions were shown to form a one-parameter family in
ref. [15]. In our treatment we had to use this fact to use the dimensional arguments in
shifting the variational derivatives as in eq. (32). It would be useful to find another way
such that one does not have to use this fact, one could then prove the first-law just like in
general relativity for arbitrary perturbations which are not necessarily stationary. It would
also be of interest to see if one could prove a physical process version of the first-law.
Number of questions remain unanswered though. What is the nature of signals originating
close to the universal horizons? Do they show a peeling-off property as seen for the light
rays close to the Killing horizons. What would be a useful definition of surface gravity for
universal horizons? This question is partially studied in ref. [25]. It would be interesting
to see if there is a relation between some notion of surface gravity and the temperature
of the universal horizon. Although, the temperature occurring in the first-law agrees with
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the temperature calculated using the tunnelling formalism in ref. [16], it does not tell us
what the asymptotic observer sees. These issues are currently under study and will be
reported elsewhere [26]. It also remains to be seen if the universal horizon serves to save
the GSL in Lorentz violating theories in the way discussed in the introduction. Finally,
stability of universal horizons and their existence in the axisymmetric case is an important
and interesting question.
Appendix: Kinematical consequences of staticity and spherical symmetry
We collect here useful identities which result from symmetry arguments. We closely follow
the ref. [15], the reader is referred to that paper for a more detailed discussion.
For spherically symmetric solutions, the æther must be hypersurface orthogonal [12].
Denote the hypersurfaces orthogonal to ua as Σu. By spherical symmetry we can foliate
Σu by two-spheres Su. We now have a preferred basis of frame defined at every point in
spacetime. It consists of a unit timelike vector which is simply the æther ua, a unit spacelike
vector denoted by sa which is orthogonal to Su and contained in Σu (and hence is orthogonal
to ua), and two more spacelike vectors which span the Su and which we will not need here.
Again due to spherical symmetry, any vector can be written in terms of its components
along ua and sa. For example, the Killing vector ξa can be written as
ξa = −(ξ · u)ua + (ξ · s)sa. (A.1)
Similarly, any rank-two tensor can be decomposed into its components along uaub, sasb, u[asb]
and u(asb). For example, the extrinsic curvature of Σu hypersurface can be decomposed as
Kab = K0sasb +
Kˆ
2
γab, (A.2)
where γab is the induced metric on the two-spheres Su. Trace of the extrinsic curvature is
given by K = K0 + Kˆ. The derivative of the Killing vector can be decomposed as
∇aξb = −2κu[asb], (A.3)
where κ =
√
−1
2
(∇aξb)(∇aξb). Derivatives of ua and sa can be decomposed as
∇aub = −(a · s)uasb +Kab (A.4a)
∇asb = K0saub +K(s)ab , (A.4b)
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where K
(s)
ab = −(a · s)uaub +
kˆ
2
γab, is the extrinsic curvature of Σs hypersurfaces. kˆ is the
trace of extrinsic curvature of the two spheres Su as embedded in Σu while Kˆ in eq. (A.2)
is the trace of extrinsic curvature of the two spheres Su as embedded in Σs hypersurfaces.
Using the decompositions in eqs. (A.4), the ”surface gravity” κ can now be calculated as
κ = −(a · s)(u · ξ) +K0(s · ξ), (A.4c)
and its value on the universal horizon is κUH = K0,UH‖ξ‖ since on the universal horizon
u · ξ = 0 and hence s · ξ = ‖ξ‖.
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